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The Automorphism Groups of Some Cubic Cayley Graphs 
C. D. GODSIL 
Let G be a group generated by elements x and y such that x 2 = yP = e, where p is an odd 
prime. Let X be the Cayley graph constructed using the generators x, y and y -1. We consider 
the question, when is Aut (X) = G? A simple necessary condition is that G has no automorphism 
which fixes the set C = {x, y, y -I}. We show that if G has no subgroup of "small" index then 
this condition is sufficient. 
As a corollary we construct cubic Cayley graphs with automorphism groups isomorphic to the 
symmetric and alternating groups with degree at least 19. 
We also show that the above necessary condition is sufficient when G is a 2-group generated 
by three elements of order two. 
1. INTRODUCTION 
1.1. Let G be a group with identity element e. Suppose C is a Cayley subset of G, 
that is, e~C and whenever gEC then g-IEC. The Cayley graph X=X(G,C) of g 
with respect to C has the elements of G as its vertices, with two vertices g and h adjacent 
if gh-1EC. 
It is well known and easily verified that G acts (by right multiplication) as a regular 
group of automorphisms of X. Thus we may identify G with a subgroup of Aut (X), the 
automorphism group of X. If Aut (X) actually coincides with G then X is called a 
graphical regular representation of G. This mouthful is usually abbreviated to GRR. 
It is natural to ask, under what circumstances will Aut (X) equal G? As noted by 
Frucht [5, Theorem 2.4] and Watkins [14, Lemma 3], a simple necessary condition for 
this to happen is that Aut (G, C), the group of automorphisms of G which fix the set 
_C, is the identity group. In this paper we establish the existence of a large class of cases 
where this condition is sufficient. As a corollary to our main results we are able to show 
that, for n ;?: 19, the symmetric and alternating groups of degree n admit cubic GRR's. 
The problem of determining all cubic GRR's with at most 120 vertices is addressed 
in [2] by Coxeter, Frucht and Powers. Their methods are different from ours and seem 
to have no bearing on the problems we study here. 
We conclude this introduction by discussing some related questions. An obvious 
generalization of the problem studied in this paper is: 
1.2. PROBLEM. Let G be a member of some given class of groups. Characterize the 
Cayley subsets C of G such that X(G, C) is a GRR. 
The only result we know of along these lines is that if G is a p- group with no 
homomorphism onto Zp wr Zp then X(G, C) is a GRR of G iff Aut (G, C) is trivial. For 
the proof of this, see [8]. 
Apart from the previously mentioned condition due to Frucht and Watkins, we know 
of only one further condition which a Cayley subset C of G must satisfy if X = X (G, C) 
is to be a GRR. This is that there must be no proper nonidentity subgroup H of G such 
that C\H is a union of left cosets of H. (Equivalently we may require that X is not a 
nontrivial lexicographic product. For the definition of this product see e.g. page 13 of [1].) 
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To see that this condition is necessary, suppose that H is such a subgroup with respect 
to C. Then if h E H\e the map Ah : G ~ G defined by 
( ) _{gh, gEH, Ah g -
g, g~H, 
is a non identity automorphism of X. (This follows directly from the definition of a Cayley 
graph.) Since Ah fixes the vertices of G\H it follows that Aut (X) is not regular and 
hence cannot coincide with G. This condition implies that if X(G, C) is a GRR then C 
generates G, since otherwise we may take H = (C). 
Finally we note that the finitely generated groups with at least one GRR have been 
characterized (finite groups in [9], [7] and finitely generated groups in [6]). We refrain 
from stating the complete conclusions and merely note that if a group has no GRR then 
either it has an abelian subgroup with index at most two or else it has order at most 32. 
2. MACHINERY 
2.1. TERMINOLOGY. If S ~ G then (S) denotes the subgroup of G generated by S. 
We use Aut (G, S) to denote the group of automorphisms of G which fix S as a set. If 
H ~ G then Na(H) denotes the normalizer of H in G. If g E G then Igl denotes the 
order of g. If g, hE G then h g = g -lhg. 
If X is a graph, B ~ Aut (X) and e is a vertex in X then Be is the subgroup of B 
formed by those elements that fix e. An s-arc in X is a sequence of distinct vertices 
vo, ... , Vs such that consecutive members are adjacent. (Thus a I-arc is just an ordered 
pair of adjacent vertices.) If Aut (X) acts transitively (regularly) on the set of s-arcs of 
X we say that A is s-transitive (s-regular). We will sometimes write arc-transitive instead 
of I-transitive. Finally a vertex y in X will be called a neighbour of a vertex x if it is 
adjacent to x. 
We next list three useful technical lemmas. 
2.2. LEMMA. Let X be a regular graph with odd degree. If A = Aut (X) acts transitively 
on the vertices and on the edges of X then it acts arc-transitively on X. 
PROOF. Suppose A acts vertex- and edge-transitively on X. Then if (e, u) is a fixed 
arc of X and (x, y) is some arbitrarily chosen arc, there is an automorphism in A which 
maps (x, y) onto either (e, u) or (u, e), since A is edge-transitive. Accordingly if some 
automorphism of A maps (e, u) onto (u, e) then A is arc-transitive. 
Assume then that no automorphism in A maps (e, u) onto (u, e). Let n denote the 
orbit of (e, u) under the action of A. We may partition the arcs in n according to their 
first element. Suppose there are k arcs of the form (e, x) in n. Then since A is 
vertex-transitive and n is an orbit of arcs for A, it follows that 
Inl=kIA:Ael=klxl 
Similarly if there are I arcs of the form (x, e) in n then we have Inl = Ilxl. Thus k 
and I are equal. If u is adjacent in X to e then, by our initial remarks either (e, u) or 
(u, e) lies in n, but not both. Thus each neighbour of e in X is represented by a unique 
arc in n and therefore e has exactly k + I = 2k neighbours in X. Since X has odd degree 
this is impossible. We conclude that A acts arc-transitively on X. 
Our next result is a summary of Corollaries 1.4-1.6 in [11]. 
2.3. LEMMA. Let X be a Cayley graph for the group G and set A = Aut (X). If Ae 
fixes the subset S of G as a set then it fixes H = (S) as a set and the right cosets of H with 
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respect to G form a complete block system for A in its action on X. If A fixes each element 
of S then it fixes each element of H. 
2.4. LEMMA (See Corollary 2.3 of [8]). Let X =X(G, C) be a Cayley graph for G 
and let A = Aut (X). Then G =NA(G) if and only if Aut (G, C) = (e). If G is a p-group 
and Aut (G, C) = (e) then G is a Sylow p-subgroup of A. 
3. AUTOMORPHISMS OF CUBIC CAYLEY GRAPHS 
3.1. In this section we derive our main results and show as an application that the 
symmetric and alternating groups with degree at least 19 admit cubic GRR's. 
3.2. THEOREM. Assume G = (x, y), where x 2 = yP = e and p is an odd prime. Let 
C = {x, y, y-1}, X =X(G, C) and A = Aut (X). Assume that yX~ (y) and that A is not 
arc-transitive. Then either: 
(a) p = 3 and IAel divides 16, or 
(b) p:?; 5 and IAe I divides 4. 
PROOF. Suppose IAe I ,p 1. Set H = (y) and let B denote the subgroup of A fixing the 
setH. 
We show first that H is fixed by Ae and that the right cosets of H form a complete 
block system for A in its action on X. In view of Lemma 2.3 we need only verify that 
Ae fixes {y, y -1}. 
Since A is not arc-transitive, it is not edge-transitive. Hence Ae does not act transitively 
on the vertices adjacent to e. By Lemma 2.3, if Ae fixes y then it also fixes y -1. The 
vertices adjacent to e are x, y and y-1. Hence if Ae fixes y it fixes each neighbour of e 
and so, by Lemma 2.3, IAel = 1. Therefore Ae does not fix y. Similarly it does not fix 
y -1, so we conclude that Ae fixes x. This implies that Ae fixes the set {y, y -1}, as required. 
We show next that distinct cosets of H are joined by at most one edge. Consider a 
coset Hg of H such that Hg ,p H. If kg in Hg is adjacent to h in H then kgh -1 E C. If 
kgh -1 E {y, y-1} then g E k-1Hh =H and so Hg =H. If kgh -1 =x then kg =xh. Suppose 
in this case that there is a second vertex k 1g1 adjacent to a vertex h1 in H. Then, as 
before, k 19 = xh 1 and therefore 
(1) 
Hence xhh 11 x E H. Since H = (y) is cyclic of prime order we see that either hh 11 generates 
H or hhl1 = e. If hh 11 generates Hand xhhl1x EH then xHx =H. This implies yX E (y), 
a contradiction. Consequently hh 11 = e, i.e. h = h1. It follows from expression (1) that 
k = k 1 and thus our second claim is proved. 
Now let Y be the graph whose vertices are the right cosets of H and where two such 
cosets are adjacent in Y if there is an edge joining them in X. Using the results just 
established it is easily checked that Y is a connected regular graph of degree p. The 
cosets adjacent to H have the form Hxh, where h E H. The automorphism of X induced 
by right mUltiplication by k in H fixes H and maps Hx onto Hxk, while right multiplication 
by x interchanges Hand Hx. We conclude that A acts 1-transitively on the graph Y 
and we denote the representation of A on V(Y) by A. 
We claim that this representation is faithful. Let N be the subgroup of A fixing each 
coset of H. We must show that N is trivial. Suppose g EN and K1 and K2 are cosets of 
H adjacent in Y. Since g fixes K1 and K2 it must fix the vertices in the unique edge 
joining them in X. As g fixes each coset of H it follows that it fixes any vertex of X 
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lying on an edge joining two cosets of H. Thus g fixes each vertex in X, hence g = e as 
required. 
Let B denote the subgroup of A fixing H as a set, let its image in A be B. Clearly B 
is the stabilizer in A of the vertex H in V(Y) and IBI = IBI. Since H itself lies in B, we 
see that B acts transitively on the vertices of X in H. Hence IB :Bel = IHI = p and as 
Be =Ae it follows that IBI = IBI = pIA.I. 
If p = 3 then Y is a 1-transitive cubic graph. By a well-known theorem due to Tutte 
[13] we find that IBI = 3. 2m , 1,,:;; m ,,:;; 4. Therefore IA.I divides 16. We assume then that 
p;;3 5. The subgraph of X induced by H is the cycle on p vertices. Since B acts transitively 
on H and since B. = A. is nontrivial, the restriction of B to the vertices of H is just D 2p, 
the dihedral group with 2p elements. It follows that the restriction of B to the neighbour-
hood of H in Y is also isomorphic to D 2p' 
Since D 2p is solvable and Y is connected, we conclude that ii is solvable. (This is a 
standard argument. It follows, for example, from the proof of Corollary (2) to Theorem 
1 of [12]. The connectivity of Y replaces the assumption of primitivity there.) 
Let Bo denote the subgroup of B fixing each vertex adjacent in Y to H. Let C denote 
the subgroup of A fixing some vertex K adjacent to H and let Co be the subgroup fixing 
each vertex adjacent to K. Then, from the proof of the Satz in [15J, we have 
(2) 
However 
Bo/(BonCo) = BoCo/Co 
and BoCo is a subgroup of C fixing both Hand K. As CICo is just the restriction of C to 
the neighbours of K, it is isomorphic to D 2p• Since BoCo fixes H, a neighbour of K, it 
follows that IBoCo/Col,,:;; 2. From equation (2) we conclude then that IBI divides 4p, since 
IB :Bol divides 2p. This implies that IA.I divides 4. 
In the statement of Theorem 3.2 we assumed yXfi!(y). We note that if yXe(y) then, 
since Iy I = p, either y x = y or y x = Y -1. Thus G is either abelian or dihedral and in both 
cases it is not hard to show that X(G, C) is isomorphic to the cartesian product of Cp 
by K 2 • Hence we find that IA.I = 2. 
We will also see in the proof of the next theorem that if p = 3 or 5 and X is as given 
above then A cannot be arc-transitive. Of course if A is arc-transitive then, by Tutte's 
result, IAe I divides 48 and is divisible by three. 
3.3. THEOREM. Assume G = (x, y), where x 2 = yP = e and p is an odd prime. Let 
C = {x, y, y -1}, X = X(G, C) and A = Aut (X). If there is no automorphism of G which 
fixes C and IA. I ~ 1 then either: 
(a) p = 3, A is not arc-transitive and G has a subgroup of index k, 3,,:;; k ,,:;; 15, or 
(b) p;;3 7, A acts arc-transitively on X and G has a subgroup of index k, 2,,:;; k ,,:;; 47. 
PROOF. If Y x e (y) then, as we noted following the proof of Theorem 3.2, either y % = Y 
and G is abelian or y x = Y -1 and G is dihedral. If G is abelian then the map z -+ Z -1 
(z e G) is an automorphism of G fixing C. If G is dihedral then conjugation by x is an 
automorphism of G fixing C. Thus yX fi! (y) and so G and C satisfy the hypotheses of 
Theorem 3.2. 
Assume p = 3. Then y2 = y-l e C, so y and y-l are adjacent. If x is adjacent to y then 
yx e C. If yx = x, y = e and if yx = y then x = e. If yx = Y -1 then x = y. Thus yx cannot 
lie in C. Similarly y -1 x fi! C. Hence x is not adjacent to y or y -1 and therefore, since y 
and y -1 are adjacent, any element of Ae must fix x. Consequently A is not arc-transitive 
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and so, by Theorem 3.2, IAel divides 16. As A =AeG and G nAe = (e) it follows that 
d = IA: GI = IAel divides 16. 
A has a representation by right mUltiplication as a transitive permutation group on 
the d cosets of G. The stabilizer of a point in this representation is G. From Theorem 
3.6 of [16] for example, it follows that the number of points fixed by G is equal to 
INA(G): GI which, by Lemma 2.4 and our hypothesis, equals 1. Since d is even, it follows 
that G has an orbit of length at least 3 and at most 15. Accordingly G must have a 
subgroup of index k, 3",;: k",;: 15. 
Assume next that p = 5. We claim in this case that the edge (e, x) does not lie on a 
circuit of length 5. A circuit in G of length r;;' 3 corresponds to a sequence of r elements 
gh ... ,gr chosen from C such that the product g1g2 ... gr = e. In particular (e, x) lies 
on a circuit of length 5 only if there is such a sequence gh ... ,gs where g1 = x. The 
proof that no such sequence exists is easy but tedious and is therefore left to the reader. 
We note that since p = 5, y5 = Y -5 = e and so both the edges (e, y) and (e, y -1) lie on 
circuits with length 5. Consequently Ae must fix the edge (e, x) and so, if p = 5, A is not 
arc-transitive. By Theorem 3.2 this implies that IAel divides 4. 
As before we see that G =NA(G) and hence that, in the representation of A on the 
cosets of G, only one point is fixed by G. Suppose that IAel = 4. Since IA.I = IA: GI it 
follows that G has in fact just one further orbit, of length three. The restriction of G to 
this orbit provides us with a homomorphism 1/1 onto a transitive subgroup of S3. As I/I(Y) 
must have order dividing 5 we see that I/I(Y) is the identity element. Therefore the image 
of Gunder 1/1 is generated by 1/1 (x ). The order of 1/1 (x ) divides two, consequently 11/1 (G)I ",;: 2 
and therefore I/I(G) is not a transitive subgroup of S3. 
This contradiction eliminates the possibility that IA.I = 4. If IA.I = 2 then IA: GI = 2, 
whence G <lA. Thus we conclude that if IA : GI divides four then IAel = 1 and A = G. 
Assume now that p ;;. 7. If A does not act arc-transitively on X then, by Theorem 
3.2, IA.I divides four. Using the above arguments we find that we must have IAel = 1. If 
A does act arc-transitively on X then, by [13], d = IA.I divides 48. Hence we see that 
G has an orbit of length k, 2",;: k ",;: 4 7. Thus (b) is proved. 
Notice that a simple group with a subgroup of index k has order dividing k!. Thus if 
G is simple with order not dividing 47! and is generated by elements x, y as in the 
Theorem, then the condition that C = {x, y, Y -1} be fixed by no automorphism of G is 
necessary and sufficient for X(G, C) to have a GRR. 
Another application of Theorem 3.3 is provided by the symmetric and alternating 
groups of degree n. From [4] we know that for n;;.9 these groups can be generated by 
elements x, y such that x 2 = y3 = e. For n ;;. 5 it is easy to show that these groups have 
no subgroups of index k, 2 < k < n. 
3.4. PROPOSITION. For n ;;.19 the symmetric and alternating groups of degree n admit 
cubic GRR's. 
PROOF. Assume G is symmetric or alternating of degree n, n ;;.19. Let C = {x, y, Y -1} 
where x and yare the generators provided in [4]. By our remarks above and by Theorem 
3.3, we conclude that X(G, C) is a GRR for G if Aut (G, C) is trivial. We now outline 
a method which will enable us to decide easily whether nor not Aut (G, C) is trivial. 
Suppose C = {7Th' •• , 7Tk} is a subset of Sn. We define a coloured digraph D on the 
vertex set {1, ... , n} by declaring (i, j) to be an arc with colour s if (i) 7Ts = j. (This digraph 
is an example of a Schreier coset graph, as defined in [2].) 
Since n ;t; 6 every automorphism of G is induced by conjugation by some permutation 
of degree n (see e.g. [10, II, section 5.5]). Hence any automorphism of G which fixes 
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C induces an automorphism of D with the property that, if it maps one s- coloured arc 
onto a t-coloured are, it maps each s-coloured arc onto a t-coloured arc. We call such 
automorphisms of D colour-preserving. If D admits no colour-preserving automorphisms 
then it is clear that Aut (G, C) is trivial. 
When n ~ 19 the generating sets in [4] fall into six families, depending on the residue 
class of n modulo 6. If one examines the digraphs D that arise in each of these cases it 
easy to see that they admit no colouring-preserving automorphisms. 
By way of example we consider the case n = 6m + 1. If k is divisible by three then ak 
denotes the permutation (123) (456) . .. (n - 2, n -1, n). If I ~ 1 then CI is 
I 
IT (6r, 6r + 3)(6r + 1, 6r +4)(6r + 2, 6r + 5). 
r = l 
(Thus CI has degree 61). Finally set 
b 1 = (1, 4)(2, 4)(3, n -l)(n - 6, n - 3)(n - 5, n - 2)cm-2, 
b2 = b1(n -12, n -9). 
Then for odd m, (an, b1) = Sm (am b2 ) = An and for even m (am b 1) = Am (am b2 ) = Sn. Of 
course we will set y = am X = b 1 or b2 and C = {x, y, y -1}. 
The digraphs D resulting when m = 3 or 4 are shown in Figure 1. We have only 
labelled the last four vertices in each case, the remaining vertices are numbered in the 
obvious way. The arcs (i, (i)y) are indicated by directed edges, the arcs (i, (i)x) by 
undirected edges. The dotted arc is present when x = b1 and absent when x = b2 • We 
have not drawn the edges (i, (i)y - 1), nor the loops on vertices 5 and n. 
Thus we conclude that, for n ~ 19, both Sn and An have generating set C = {x, y, Y -1} 
where x 2 = l = e and Aut (G, C) is trivial. Our proposition follows immediately. 
Il\ 1\ I -----c I I. 1\ 
n-3 
• 
n 
2 
. ~ ~ ~ ~ n-2 
3 V \ If \ \ n-I 
I 
1\ ~ I. ~ ! r----< r\ ! I 
n-3 
n 
2 
• • ~ . ~ ~ ~ 
n-2 
3 11 V \ '/ \ V \ \ n-I 
FIGURE 1 
4. 2-GROUPS GENERATED BY THREE INVOLUTIONS 
The main difficulty in extending our results to more general classes of cubic Cayley 
graphs is to obtain some uniform bound on the order of a vertex-stabilizer of such a 
graph. In this section we consider another situation where, for special reasons, some 
progress is possible. 
4.1. THEOREM. Let G be a 2-group generated by three involutions a, b, c. If no 
automorphism of G fixes the set C = {a, b, c} then X = X (G, C) is a GRR. 
Cubic Cayley graphs 31 
PROOF. Let A = Aut (X). Since Aut (G, C) is trivial we see by Lemma 2.4 that G 
is a Sylow 2-subgroup of A. Since X is a cubic graph the only primes that can divide 
IA.I are 2 and 3. Hence A. must in fact be a 3-group. 
If IA. I = 1 we are finished. Assume this is not the case. As X is connected an element 
of order a power of three which fixes an edge must be trivial. Thus A. must act regularly 
on the neighbours of e and so IA.I = 3. Hence we may suppose A. = ({3), for some element 
{3. 
We will complete the proof by showing that if x E C then {3-1x{3 E C. Since C generates 
G this implieii that {3 normalizes G (i.e. {3-1G{3 = {3). But, by Lemma 2.4, NA(G) = G, 
since Aut (G, C) is trivial. Accordingly we must have A = G as claimed. 
To avoid confusion we will distinguish the vertices of X from the elements of G by 
writing the vertex in X corresponding to the element g in G as [g]. We may assume, 
without loss of generality, that [a]{3 = [b], [b]{3 = [c] and [c]{3 = [a]. 
As [e]{3 = [e] we have 
[e]{3 -1 a{3b = [a ]{3b = [b]b = [e]. 
Thus {3-1 a{3b lies in A. and so must be a power of {3. If {3-1a{3b =e then a!3 =b. If 
{3-1 a{3b = {3-1 then {3 = ba E G which is impossible. If {3-1 a{3b = {3 then b{3 = {3-1 a. We 
suppose the last possibility holds. 
Repeating our previous arguments with b, c in place of a, b respectively we find that 
either b!3 = cor {3-1 b{3c = {3. If b!3 = c then b{3 = {3c. But we also have b{3 =:; {3-1a, whence 
2 G Th' . . 'bl' 2 -1 A If -1b h b 2 -1 -1 {3 = ac E • 1S 1S 1mpOSS1 e smce {3 = {3 E •• {3 {3c = {3 t en {3 =:; {3 c = {3 c 
and as b{3 = {3-1a we conclude that a =:; C, a contradiction. 
Our contradictions have arisen from the assumption that b{3 = {3-1 a. Hence we must 
have a!3 = b instead. By symmetry we find that b!3 = C, c!3 =:; a. Thus we have shown that 
if x E C then x!3 E C. As we noted earlier this suffices to prove the theorem. 
We remark that our proof of Theorem 4.1 falls into two parts. We first showed that 
if Aut (G, C) is trivial then IA. I = 1 or 3 and we then proved that if IA. I = 3 a contradiction 
resulted. It is worth noting that if G is a 2-group and C =:; {a, b, b -1}, where a 2 =:; e, the 
first part of the proof still goes through. That is IA. I divides three if Aut (G, C) is trivial. 
However, despite the fact that the generating set C is now less symmetric, we have been 
unable to derive a contradiction from the assumption that IA.I = 3. Thus we are left with 
the following: 
4.2. PROBLEM. Suppose X =X(G, C) is a cubic Cayley graph for the 2-group G 
and let A = Aut (X). Is it true that if IA.I ¥ 1 then Aut (G, C) is nontrivial? 
The reader may be concerned that Theorem 4.1 is vacuous in that, whenever distinct 
involutions a, band c generate a 2-group G, some automorphism of G fixes {a, b, c}. 
We describe an example to show this is not the case. 
Let G = (a, x) where a2 =X4= e and x a =x-1. Let H = (b, y) where b2 = y2~ = e and 
yb = y-1. (Thus G and H are dihedral with order 8 and 2m +1 respectively.) Let u, v, w 
be the elements of G x H given by 
u = (a, b), v = (ax, e), w = (e, by). 
It is easily verified that u, v and ware involutions and luv 1= 4, luw I = 2m and Ivw 1= 2. 
We see immediately that any automorphism of the group K generated by u, v and w 
which fixes the set C = {u, v, w} must fix the elements u, v and w. Such an automorphism 
is of course trivial. Thus we have shown that Aut (K, C) is trivial. 
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